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Abstract. An inverse measurement procedure for the determination of a full set of piezoelectric material pa-
rameters using a single sample is presented. The basis for the measurement procedure is a measurement of the
frequency-dependent impedance of the sample. To yield sufficient sensitivity of this measurement with respect
to all material parameters (mechanical, electrical, and coupling parameters), an optimal electrode configuration
for the sample is determined before the inverse measurement procedure is realised using a novel topology op-
timisation approach. After initial estimates for the material parameters are provided by analytical expressions,
a sensitivity-based, staged, local optimisation procedure yields material parameters for the sample by fitting
the impedance of a finite element simulation model to the measured electrical impedance. Results for different
absorption models as well as for different piezoelectric materials (hard, soft, and lead-free piezoceramics) are
included.

1 Introduction

To avoid wasting resources in the construction of prototypes,
design processes, for example, for ultrasonic transducers,
become increasingly driven by simulations. These numeri-
cal studies are especially challenging when the component
of concern incorporates the interaction of different physi-
cal phenomena. An example where electrical and mechanical
fields interact is in the design of ultrasonic transducers driven
by piezoceramic components. One prerequisite for realistic
simulation results is the availability of a complete and con-
sistent set of material parameters, which include mechanical,
electrical, and coupling parameters for piezoelectric compo-
nents.

Polarised piezoceramic materials show transverse
isotropy, where the polarisation axis shows different material
behaviour than the plane perpendicular to that axis. The
undamped, elastic material behaviour can thus be described
by 10 independent parameters, relating mechanical stress
and strain (Ti and Si) to electrical field strength and di-
electric displacement (Ei and Di). Using Voigt notation,
the following constitutive equations arise (Heywang et al.,
2008):
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where cEij , εSij , and eij denote the components of the stiff-
ness, permittivity, and piezoelectric coupling matrices, re-
spectively. The vector of parameters to be determined is thus

pi =[
cE11 cE12 cE13 cE33 cE44 εS11 εS33 e15 e31 e33

]
. (3)

If absorption is to be considered, the parameter vector pi
is extended by the parameters of the respective absorption
model. For a complete description of piezoelectric material,
the density ρ of the material is also required; however, be-
cause it can be measured directly by gravimetric means it is
not considered in the inverse procedure.

A standardised method for the determination of a full set of
material parameters is given in the IEEE Standard on Piezo-
electricity (IEEE, 1987). However the procedure proposed
in this standard requires a number of differently processed
and polarised samples and thus leads to inconsistent param-
eter sets. The sample geometries used in the standard, how-
ever, allow the material parameters to be inferred from res-
onance frequencies using analytical expressions. These an-
alytical relations are a prerequisite for direct measurement
approaches for piezoelectric material parameters and typi-
cally require resonance modes in different spatial direction
to be sufficiently decoupled, for example, by assuming thin
plates. Piao and Kim (2017) and Meitzler et al. (1973) de-
rive analytical expressions for the radial modes of piezoelec-
tric discs, for example. However, the analytical description of
coupled or hybrid resonance modes, as they occur in piezoce-
ramics used in typical sensor applications, proves challeng-
ing (Iula et al., 1998; Lin, 1998), and the resulting expression
can not be easily inverted to infer material parameters, for
example, from resonance frequencies. Nevertheless, it can
be shown that the coupling of modes leads to higher sensi-
tivity of the impedance with respect to the material parame-
ters (Kybartas and Lukosevicius, 2002). A more feasible ap-
proach to determine piezoelectric material parameters from
impedance measurements, especially if the number of sam-
ples is to be reduced, is the application of inverse measure-
ment methods. Here, numerical models, for example, based
on the finite element method, can be used to determine the
impedance of virtual samples Zsim(pi) and compared to a
measured impedance Zmeas. Minimising the deviation de-
fined by applying an objective function J and varying the

material parameters pi to solve the optimisation problem

min
pi
J (Zmeas,Zsim(pi)) (4)

yields estimates for the sample’s material parameters for the
given model. Rupitsch and Ilg (2015) implement an inverse
method using only two samples and staged optimisation for
a complete characterisation including absorption. Similarly,
Unverzagt develops a characterisation procedure using only a
single disc-shaped specimen (Unverzagt, 2018) with a three-
electrode structure optimised for increased sensitivity (Kul-
shreshtha et al., 2015), which is contacted using a network
of passive electrical components. This method is improved
upon by Jurgelucks (2019) with a revised electrode struc-
ture. Dropping the passive electrical network, Feldmann et al.
(2020) implement an inverse procedure based on three sep-
arate impedance measurements on a three-electrode speci-
men and staged, local optimisation. Using this as a starting
point, this contribution includes the optimisation of a multi-
electrode topology with the aim to enable a full piezoelectric
parameter identification using only a single impedance mea-
surement on a single specimen and no additional electrical
components.

2 Optimised electrode topology

The electrode topology is optimised in a two-step proce-
dure: the initial topology is determined using an iterative ap-
proach based on the sequential element admission and rejec-
tion (SERA) method (Querin, 2017). The resulting topology
is parameterised and further optimised using gradient-based
optimisation, similar to the method developed by Jurgelucks
(2019).

To reduce the complexity of the overall problem, several
restrictions are imposed. The geometry of the sample as well
as of the electrodes is assumed to be axisymmetric to allow
for efficient simulations as the problem can be reduced to
two spatial dimensions. For the impedance measurement the
sample has to have only two terminals: a ground and a load
terminal. For the targeted topology this means that the re-
sulting electrodes must be either connected to the load or the
ground terminal. To facilitate the impedance measurement
and interfacing process of the sample, it is presupposed that
load electrodes only occur on the upper face of the sample,
and ground electrodes occur on the lower face.

The simulation model required optimisation of the elec-
trode structure, and for the material parameter identifica-
tion process, a finite element model is realised in openCFS
(Schoder and Roppert, 2022), an open-source solver spe-
cialised for coupled field simulations. Topology optimisation
procedures require a spatially dependent quantity called the
criterion value as a result of the optimisation. For mechan-
ical problems – the classical application for topology opti-
misation – the criterion value can, for example, be the mag-
nitude of the stress (Querin, 2017). The impedance for the
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Figure 1. Radius- and frequency-dependent sensitivity of the
charge density of a piezoceramic disc with respect to the material
parameter c13.

piezoelectric problem is an abstract property that does not
depend on a spatial coordinate. In the simulation, however,
this impedance is determined in the frequency domain from
the applied voltage Usim and the induced charge Qsim:

Zsim =
Usim

jωQsim
, (5)

where j is the imaginary unit, and ω is the angular frequency.
The charge Qsim is determined by the integral of a charge
density, in this specific, two-dimensional case the surface in-
tegral of the surface charge density σ over the electrode area
A:

Qsim =

∫∫
A

σdA. (6)

The surface charge density is thus a spatially dependent
quantity that has direct influence on the electrical impedance.
One can infer that a high sensitivity of the surface charge
density with respect to a certain material parameter implies a
high sensitivity of the impedance, so the surface charge den-
sity can be used as a criterion value for the topology optimi-
sation process. As an example, Fig. 1 shows the sensitivity of
the charge density with respect to c13 of a soft piezoceramic
disc with a radius of 5 mm and a thickness of 1 mm. High
values are observed around the thickness resonant mode at
2 MHz and close to the axis of the piezoceramic disc at
r = 0 mm.

This sensitivity of the surface charge density ϒσ does
not only depend on spatial coordinates (the radius r for the
axisymmetric case) for each electrode, but also on the fre-
quency f and is different for each material parameter pi :

ϒσ (f,r,pi)=
∂σ (f,r)
∂pi

. (7)

The SERA method, however, requires a criterion value that
only depends on the spatial quantity r . Therefore an ap-
proach has to be found that resolves the dependence on fre-
quency and the material parameters. In previous work (Claes
et al., 2021) the authors show that applying the determinant
criterion (Fedorov, 1972) with respect to frequency yields
promising results. This criterion is given as follows:

C(r)=∣∣∣∣∣∣∣
〈ϒσ (f,r,p1),ϒσ (f,r,p1)〉 〈ϒσ (f,r,p1),ϒσ (f,r,p2)〉 · · ·

〈ϒσ (f,r,p2),ϒσ (f,r,p1)〉 〈ϒσ (f,r,p2),ϒσ (f,r,p2)〉 · · ·

.

.

.
.
.
.

. . .

∣∣∣∣∣∣∣ , (8)

where 〈·, ·〉 is the inner product with respect to the frequency
f , and | · | is the determinant. The determinant constitutes the
squared n-dimensional volume of the parallelotope formed
by the frequency-dependent sensitivities. Here n is the num-
ber of material parameters. Because this volume is maximal
when the frequency-dependent sensitivities are orthogonal,
optimisation using this criterion promotes linear indepen-
dence, thus promoting the placement of electrodes where the
sensitivity with respect to the different material parameters
differs along the frequency axis. Due to the high-dimensional
nature of this criterion, the values of C(r) cover multiple
magnitudes. For further processing and application in the
SERA method, C(r) is thus normalised, and a logarithm is
applied with an added unity to avoid negative values:

C(r)= log

 C(r)
max
r

(C(r))
+ 1

 . (9)

The resulting raw criterion values for the piezoceramic
disc with electrodes covering both faces are shown in Fig. 2,
with high values at the centre (r = 0 mm) as well as at the
outer rim of the disc (r = 5 mm). There is some oscillatory
behaviour observed in radial direction, which is also visible
in the sensitivity of individual parameters (Fig. 1). A proba-
ble cause for these oscillations is radial modes which super-
impose on the thickness resonance mode. Because arbitrarily
small electrodes can not be manufactured, spatial smoothing
of the criterion values is required similarly to applications
of topology optimisation methods in mechanics. In this case
a Gaussian filter with a physical length of 3 mm is applied,
yielding the smoothed criterion value (Fig. 2).

Starting with electrodes covering both faces of the disc-
shaped piezoceramic, the sequential element admission and
rejection (SERA) method (Querin, 2017) is adapted using the
following procedure: after the result for the criterion value of
the initial simulation is present, the placement of electrodes
for the next step is determined by applying the threshold
t =max(c(r))/2 to the criterion. Wherever the criterion ex-
ceeds the threshold, electrodes are placed for the next step.
The resulting electrode geometry is then used in the next
simulation step, and the threshold is applied again. The pro-
cedure is repeated until the electrode topology converges,
which in the present example takes around 10 iterations.
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Figure 2. Results for the raw and smoothed criterion value for a
piezoelectric disc with electrodes covering both faces (initial step
of the SERA procedure).

Figure 3. Electrode configuration and sensitivities of the electri-
cal impedance with respect to the material parameters for different
topologies: electrodes covering the faces of a piezoceramic disc (a,
initial configuration), result of the SERA method (b), and result
of additional shape optimisation applied to the SERA configura-
tion (c). Blue electrodes are on ground, and orange electrodes are
on load potential.

The resulting four-electrode geometry is shown in Fig. 3b
along with the cumulative absolute sensitivity of the electri-
cal impedanceϒZ for each material parameter. The geometry
comprises a circular electrode as well as a ring at the outer
edge of each face of the sample, a result that can already be
inferred from the result for the initial step (Fig. 2). Compared
to the sensitivities of a piezoceramic disc with full electrodes
in Fig. 3a, the sensitivities with respect to all material param-
eters are increased. Further, the spread of the sensitivities is
reduced, which is advantageous for the subsequent material
parameter identification process.

To further increase the properties of the electrode config-
uration, gradient-based shape optimisation is applied requir-

ing a parameterisation of the geometry. The parameters of the
present configuration are the outer radii of the circle-shaped
electrodes in the centre of each face as well as the inner radii
of the ring-shaped electrodes on the rim of each face. As an
objective function for this local, four-parameter optimisation
process, the determinant criterion (cf. Eq. 8) is again used,
however now based on the sensitivity of the impedance with
respect to each material parameter

ϒZ(f,pi)=
∂Z(f )
∂pi

. (10)

For gradient-based optimisation, the derivative of the objec-
tive function is required. Because the objective function al-
ready contains a derivative, approximating both derivatives
by finite differences is not advisable because it can lead
to discontinuities in the objective function’s gradient (Ju-
rgelucks et al., 2018). The sensitivities are thus calculated by
algorithmic differentiation using an adapted version of the
finite element solver by Jurgelucks (Jurgelucks, 2019). Ap-
plying a constrained trust region method (Conn et al., 2000)
to this problem using the result of the SERA method as ini-
tial values yields the configuration shown in Fig. 3c. The
circle-shaped electrodes have radii of 1.4 and 0.8 mm on the
upper and lower face, respectively. The inner radii for both
ring-shaped electrodes are 4.3 mm. This more asymmetrical
configuration shows a similar mean sensitivity; however the
spread of the sensitivities is further reduced. It is thus used
for the material parameter identification procedure presented
in the following section.

3 Material parameter identification

The inverse procedure for piezoelectric material parameter
identification is based on the approach developed by Feld-
mann et al. (2020) and Feldmann (2021) for three-electrode
specimens. It relies on matching the electrical impedance of
a model of the sample (the forward model) to the measured
electrical impedance by varying the material parameters of
the model using an optimisation algorithm. Because local op-
timisation is to be used, initial estimates are required which
are the starting point for a gradient descent procedure.

3.1 Forward model

The forward model is again realised with an axisymmetric
geometry in openCFS (Schoder and Roppert, 2022); how-
ever, because the quality of the results depends on how ac-
curate the model can reproduce the physical behaviour of the
sample, special care is taken in the setup of the simulation.
For the initial steps of the optimisation procedure, an ele-
ment size of 200 µm and Legendre polynomials of order 3
are used to allow for a fast iteration and sufficiently accu-
rate results. For the last optimisation steps, the polynomial
order is increased to 4 to reduce numerical deviations (Feld-
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mann, 2021, p. 72ff.). Electric loads and ground are realised
as Dirichlet boundary conditions.

Realistic simulations must include absorption. Earlier
studies show that using only mechanical losses suffices to
describe the behaviour of piezoelectric ceramics realistically
(Feldmann et al., 2021). Simulations are performed in the fre-
quency domain, which allows for the realisation of different
absorption models via complex frequency-dependent mate-
rial parameters. In this study, the parameters of two different
absorption models are identified and thus have to be included
in the forward model.

The first absorption model is the well-known Rayleigh ab-
sorption (Craig and Kurdila, 2006), which has a mass- and
a stiffness-proportional parameter (αM and αK ). In the fre-
quency domain, these parameters quantify absorption mech-
anisms that are inversely proportional and proportional to fre-
quency, respectively. The Rayleigh absorption model is mo-
tivated primarily by its computational efficiency and is thus
implemented in many finite element solvers.

In the second model, absorption is quantified indepen-
dently of frequency. However, an eigenvalue decomposition
of the stiffness matrix (Bause et al., 2016) allows different,
frequency-independent absorption constants to be assigned
to different deformations. For transverse isotropy, this ap-
proach can be reduced to three independent parameters (α1,
α2, and α3) (Feldmann et al., 2021), where α1 quantifies ab-
sorption in shear deformations, α2 primarily affects radial de-
formations, and α3 influences coupled thickness and radial
deformations.

While there are more elaborate models for absorption in
piezoelectric ceramics, such as a Zener model applied to
an eigendecomposed stiffness matrix (“non-standard linear
solid”), the model with three constants is found to be an ac-
ceptable trade-off between the number of parameters and a
good representation of the broadband behaviour of the mate-
rial (Feldmann et al., 2021; Feldmann, 2021).

3.2 Sample preparation and impedance measurement

To realise the inverse measurement procedure, two
impedance measurements are required: firstly, for the
initial value estimation, the impedance of the sample with
electrodes covering both faces is used. Secondly, the opti-
misation procedure requires the sample with the electrode
structure determined in Sect. 2. Samples of different ma-
terials (PIC255 (soft piezoceramic, lead zirconate titanate),
PIC184 (hard piezoceramic, lead zirconate titanate), and
PIC700 (soft, lead-free piezoceramic, bismuth sodium
titanate); PI Ceramic, Germany) with full electrodes are
acquired. After an impedance measurement (Impedance
Analyser E4990A; Keysight Technologies, USA) of the
full-electrode sample, the optimised electrode structure is
realised via laser ablation, so that the same sample can
be used for both measurements. For the multi-electrode
sample, a special fixture is used to contact the sample using

Figure 4. Piezoceramic sample (PIC255) with a radius of 5 mm and
a thickness of 1 mm with electrodes ablatively structured according
to the results presented in Sect. 2, mounted in a purpose-built fixture
for multi-electrode piezoceramic discs.

spring-loaded pins (Fig. 4). The respective electrodes are
shorted and contacted to the terminals of the impedance
analyser. All impedance measurements are conducted in a
temperature-controlled environment at 19± 1 ◦C to ensure
reproducibility and to avoid environmental influence on the
results. Further, the density ρ of each sample is determined
directly using gravimetric means (Analytical Balance
LA 310 S; Sartorius, Germany).

3.3 Initial value estimation

Initial value estimation approaches are typically based on
the evaluation of simplified, approximative analytical ex-
pressions inferred from the more complex inverse problem
(Bause et al., 2016; Feldmann et al., 2020). For the present
measurement procedure, the sample with electrodes cover-
ing both faces is used because analytical expressions exist
which relate the thickness and radial resonance frequencies
to a subset of the samples’ material parameters (IEEE, 1987).
The parameter set can be completed by assuming that the
sample is mechanically and electrically isotropic and by ap-
plying empirically derived scaling factors (Unverzagt, 2018,
p. 106). Simulations using the resulting estimates still show
significant deviation from the measurement in the absolute
value of the impedance (Fig. 5). To remedy this, an initial
optimisation step is applied. However, because the sample
with full electrodes is used, the step is still considered part
of the initial value estimation process. In this fixed-gradient
procedure, only one parameter at a time is optimised by eval-
uating only a specific resonance frequency in measurements
and the simulation. To ensure that later steps do not revert
the fit of a previous set, the order the parameters are consid-
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ered in is carefully chosen based on the sensitivities of each
parameter:

1. εS33 using an analytic approximation,

2. cE33 using the thickness resonance,

3. cE13 using the second radial resonance,

4. cE12 using the first radial resonance,

5. cE44 using an analytic approximation,

6. e33 using the thickness antiresonance,

7. e31 using an analytic approximation,

8. αM using the absolute value of the impedance at the first
radial resonance frequency,

9. αK using the absolute value of the impedance at the first
thickness resonance frequency.

The analytic approximation for εS33 considers the capacitive
behaviour outside of the resonance modes and is thus given
as

εS33 =
d

2πfcapA
∣∣Z(fcap)

∣∣ , (11)

where A and d are the area and the thickness of the sample,
respectively. The analytical approximation for cE44 is derived
by Theocaris and Sokolis (1998), and e31 is recalculated us-
ing analytical expressions (IEEE, 1987) after the other pa-
rameters are adapted. The parameters not listed are not mod-
ified in this step. Note that only the parameters for Rayleigh
absorption are estimated here. For the absorption model with
constants, the initial values are derived from the values of
the Rayleigh model at specific frequencies (Feldmann, 2021,
p. 94ff.). Figure 5 shows a good match between the simu-
lation results using the material parameters after the initial
optimisation and the measurement result. However, the pa-
rameters not considered in the initial optimisation do not sig-
nificantly influence the impedance of the sample with full
electrodes and are thus under special consideration in the fol-
lowing steps.

3.4 Optimisation strategy

To compare measurements and simulation results, an ade-
quate objective function is required. Here, the sum of the
squared differences in the logarithmic absolute value of the
impedances is evaluated:

J (pi)=
∑
j

(
log(|Zsim(fj ,pi)|)− log(|Zsim(fj )|)

)
, (12)

where fj are the frequencies at which the measurement is
performed and the forward model is evaluated. Because the
optimisation problem has a high number of parameters (12

Figure 5. Absolute value of the impedance measured on a physical
sample (PIC255) with full electrodes and simulation result of each
initial value estimation step.

for Rayleigh absorption and 13 for the constant absorption
model), a sensitivity-based, staged optimisation procedure is
developed. This is realised by adapting the sensitivity ma-
trix method developed by Feldmann (Feldmann et al., 2020;
Feldmann, 2021, p. 109f) to the present problem, in which
a staged optimisation on specific regions of the impedance
is proposed where the sensitivity for a subset of the ma-
terial parameters is high. However, because the sensitivity
matrix ubiquitously shows high values for the present sen-
sitivity analysis, the frequency axis remains at its original
resolution. Figure 6 shows the result of the sensitivity anal-
ysis. The white dashes denote the range of the impedance,
which is used for the optimisation. Note that the selected
ranges do not always coincide with the highest sensitivity.
This is because ranges are preferred that show a high sensi-
tivity or a certain characteristic with respect to a specific ma-
terial parameter but not to any other parameter. The coupling
parameter e33 is not modified in this step. Optimisation is
performed using a trust region reflective algorithm (Branch
et al., 1999) in the order shown in Fig. 6, starting with the
dielectric parameters on the top, which are optimised con-
jointly. Because the later steps may again revert a good fit
from early steps, this staged optimisation is performed twice,
however with a reduced count of maximum steps in the sec-
ond pass (8 vs. 20 steps). Following this step, the element
order of the forward model is increased from 3 to 4 for the
final three optimisation stages. In the next step, the parame-
ters of the absorption model are optimised. For the Rayleigh
absorption model, αM is optimised on the lower frequencies
of the impedance, where the radial modes occur, and αK is
optimised on the thickness modes. For the constant absorp-
tion model α1 is optimised on the higher-order (> 3) radial
modes, α2 on the lower-order radial modes, and α3 on the
thickness mode. In the penultimate step, all parameters ex-
cept the absorption parameters are optimised, before the full
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Figure 6. Normalised sensitivity of the impedance measurement
to each material parameter using the optimised electrode configura-
tion. White dashes mark the range on which each material parameter
is optimised in the order shown (top to bottom). For reference, the
thickness resonant mode of the unmodified sample occurs at 2 MHz.

set of material parameters is optimised in a final step. Which
parameters are considered in each step is summarised as fol-
lows:

1. each material parameter separately according to Fig. 6,

2. each material parameter separately according to Fig. 6
but with a reduced number of maximal steps,

3. the absorption parameters on ranges that fit their repre-
sentation in the frequency domain,

4. all material parameters except the absorption parame-
ters,

5. all material parameters.

The results of this procedure for different piezoelectric ma-
terials are presented in the following section.

4 Results and discussion

To review the results of the inverse measurement procedure,
the impedance of the physical sample is compared to the
impedance of the simulation model for the determined ma-
terial parameters. Figure 7 shows the absolute value of these
impedances for a soft piezoceramic sample (PIC255). Com-
pared to an impedance measurement of a sample with full
electrodes (Fig. 5), the impedance of the sample with the
structured electrodes shows a more erratic behaviour. Es-
pecially the thickness resonance mode is no longer clearly
distinguishable. However, measurements and the simulation
are in good agreement with each other for both absorption
models, indicating that the material of the sample is well

Figure 7. Comparison of impedance from measurements and the
simulation using the identified material parameters for a soft piezo-
ceramic (PIC255).

described in its broadband behaviour by the determined pa-
rameters. Resonance frequencies generally occur at match-
ing positions in the frequency domain but are however not as
pronounced in the simulations for higher frequencies. Espe-
cially for the Rayleigh absorption model, some higher reso-
nance frequencies are attenuated in the simulation. This bet-
ter fit of the constant absorption model is also observed for
three-electrode samples (Feldmann et al., 2021). The result-
ing material parameters for PIC255 are listed in Table 1. Note
that the datasets contain values that are different aside from
the absorption parameters. This is due to the fact that the ab-
sorption mechanism does not only influence the dissipative
behaviour, but also the elastic and electric properties as well,
thus necessitating the conjoint optimisation of all material
parameters. The determined values are similar to previous
results (Feldmann et al., 2021), with notable deviations oc-
curring primarily in the absorption parameters. A possible
explanation for this deviation can be that valid values for ab-
sorption parameters tend to cover larger ranges while still
yielding realistic results (Feldmann, 2021, p. 96).

Even though the sample electrode geometry is optimised
using material data for soft piezoceramics, the same geom-
etry is realised on a hard piezoceramic sample (PIC184) to
check if the inverse measurement procedure is transferable
to this class of materials. The impedance measurement as
well as the simulation result using the determined material
parameters is shown in Fig. 8. The lower absorption of the
material or the higher-quality factors of the resonance modes
are immediately visible when compared to results of the soft
piezoceramic (Fig. 7). However, even with the lower absorp-
tion, the thickness resonance mode, which also occurs at
2 MHz for the unmodified sample, is not clearly distinguish-
able. The match between measurements and the simulation
is, however, of similar quality as for the soft piezoceramic
sample. Resonance frequencies occur at matching position,

https://doi.org/10.5194/jsss-12-163-2023 J. Sens. Sens. Syst., 12, 163–173, 2023



170 L. Claes et al.: Measuring piezoelectric material parameters

Table 1. Identified material parameters for PIC255 (density ρ =
7800 kgm−3).

Rayleigh Constant

c11 132 GPa 132 GPa
c12 83 GPa 84 GPa
c13 85 GPa 86 GPa
c33 123 GPa 125 GPa
c44 20 GPa 20 GPa
ε11 8.3 nFm−1 8.3 nFm−1

ε33 7.6 nFm−1 7.7 nFm−1

e15 11.3 Cm−2 11.3 Cm−2

e31 −4.8 Cm−2
−5.3 Cm−2

e33 17.6 Cm−2 17.0 Cm−2

αM = 18 ms−1 α1 = 0.043
αK = 1.2 ns α2 = 0.039

α3 = 0.0012

Figure 8. Comparison of impedance from measurements and the
simulation using the identified material parameters for a hard piezo-
ceramic (PIC184).

and again, the absorption seems to be slightly overestimated,
especially for the Rayleigh absorption model. The full pa-
rameter set (Table 2) shows similar elastic parameters as the
previous results, however with smaller absorption parame-
ters. Especially α3 is small enough to be neglected while still
allowing for an adequate approximation of the physical be-
haviour.

To further evaluate the transferability of the presented
method for piezoelectric material characterisation, it is ap-
plied to a lead-free piezoceramic disc (PIC700) with the
same dimension (a thickness of 1 mm and a radius of 5 mm)
as the previously examined samples. While the same elec-
trode geometry can be used, yielding adequate agreement
between measurements and the simulation, the authors opt to
recalculate the electrode geometry using the material param-
eters determined for PIC700 in the initial value estimation
for the full electrode sample. The resulting electrode geom-

Table 2. Identified material parameters for PIC184 (density ρ =
7730 kgm−3).

Rayleigh Constant

c11 138 GPa 138 GPa
c12 78 GPa 81 GPa
c13 76 GPa 78 GPa
c33 121 GPa 125 GPa
c44 24 GPa 23 GPa
ε11 6.0 nFm−1 6.7 nFm−1

ε33 6.2 nFm−1 6.2 nFm−1

e15 7.8 Cm−2 8.4 Cm−2

e31 −1.9 Cm−2
−2.5 Cm−2

e33 15.1 Cm−2 14.1 Cm−2

αM = 2.4 ms−1 α1 = 0.028
αK = 0.4 ns α2 = 0.005

α3 = 4.2× 10−8

etry has the same topology with slightly different radii: the
circle-shaped electrode has a radius of 2.2 mm on the upper
face and of 0.8 mm on the lower face. The inner radius of the
ring-shaped electrode is 4.1 mm on the upper and 4.2 mm on
the lower face.

The impedance of a sample of PIC700 with the modified
electrode geometry is shown in Fig. 9. As is clearly visi-
ble, hardly any pronounced radial resonance frequency oc-
curs. One might infer that this is due to low coupling factors
of the lead-free material; however, the unmodified sample
shows pronounced thickness resonance modes (Fenu et al.,
2021) that are comparable to the ones observed in PIC255
(Fig. 5). The first thickness resonance mode occurs at about
2.5 MHz when the same geometry is used due to the differ-
ent material parameters. However, radial resonance modes
are significantly less pronounced in PIC700, indicating low
radial coupling factors (Fenu et al., 2021). The method pre-
sented here relies on a strong coupling between radial and
thickness modes to increase sensitivity, especially for radial
parameters. A fit between measurements and the simulation
is generally possible, as shown in Fig. 9 (the deviation ob-
served for the impedance of the constant absorption model
can be amended by adapting the dielectric parameters). How-
ever, large variations in the determined parameters (Table 3),
for example, for c12, are observed. Of special interest is the
coupling parameter e31, which is practically zero for both
absorption models. That a fit is still possible indicates insuf-
ficient sensitivity to those parameters. An adaptation of the
procedure for the analysis of lead-free piezoceramics is re-
quired to gain reliable results, starting with modifications of
the sample geometry to increase the sensitivity with respect
to the problematic material parameters c12, ε11, and e31. Fur-
ther, the optimisation procedure needs to be adapted because
the current approach fails to accurately identify ε33 for the
constant absorption model.
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Figure 9. Comparison of impedance from measurements and the
simulation using the identified material parameters for a soft, lead-
free piezoceramic (PIC700).

Table 3. Preliminary results for the material parameters of PIC700
(density ρ = 5716 kgm−3).

Rayleigh Constant

c11 137 GPa 136 GPa
c12 6.0 GPa 66 GPa
c13 40 GPa 39 GPa
c33 133 GPa 133 GPa
c44 49 GPa 49 GPa
ε11 7.7 nFm−1 12.2 nFm−1

ε33 5.1 nFm−1 5.7 nFm−1

e15 2.2 Cm−2 2.7 Cm−2

e31 −1.7× 1040 Cm−2
−9.8× 10−19 Cm−2

e33 10.5 Cm−2 11.0 Cm−2

αM = 139 ms−1 α1 = 0.042
αK = 0.1 ns α2 = 0.026

α3 = 0.010

5 Conclusions and outlook

To realise an experimentally simple method for piezoelec-
tric material characterisation, the authors combined methods
of topology and gradient-based shape optimisation to cre-
ate a sample with a special electrode geometry. This four-
electrode sample enables the determination of a full set of
material parameters based on a single electrical impedance
measurement in an inverse measurement procedure. While
the sample has one additional electrode compared to the pre-
viously used three-electrode arrangement, the experimental
and identification procedure is significantly simplified due
to the fact that all material parameters can now be deter-
mined based on a single electrical impedance measurement.
The same sample geometry can be used for hard and soft
piezoelectric materials, and it is expected that a scaled ver-
sion of the derived electrode geometry will yield results for

disc-shaped piezoceramics with a similar ratio of thickness to
radius. Due to low radial coupling factors, the procedure does
not yield satisfactory results for lead-free piezoelectric mate-
rials like PIC700, leaving this issue to be addressed in future
research. Aiming to further increase sensitivity – especially
for lead-free piezoelectric materials – more elaborate topol-
ogy optimisation methods can be realised to further increase
sensitivity via concrete configuration of boundary condition
models for the underlying piezoelectric partial differential
equation systems. These methods can be embedded in the
context of optimal experiment design (Fedorov, 1972). Other
future extensions of the presented measurement procedure
will include the application to non-disc geometries, such as
piezoelectric rings, which are preferred for high-power appli-
cations. Simulation of high-power acoustic transducers will
also require consideration of non-linear and thermal effects.
The long-term goal is a standardisation of an inverse proce-
dure for piezoelectric material characterisation. While the re-
sults presented simplify the experimental measurement pro-
cess, the optimisation is still a multi-step procedure that re-
quires some manual interaction. Future research will include
studies to simplify the multi-step optimisation, for example,
by taking advantage of more elaborate analytical solutions
and global optimisation approaches for initial estimates.
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