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Abstract. The required reliability of wind turbine gearboxes increases the requirements for large gear measure-
ments. Extensive measurements to reliably assess the geometry of large gears in the single micrometer range are
necessary. Due to an individually fixed measuring volume, standard methods like coordinate and gear measuring
instruments reach their limits for large gears with diameters > 1 m. Therefore, a scalable optical measurement
approach consisting of a single sensor in combination with a rotary table for multi-distance measurements with
subsequent model-based evaluation of shape parameters of gears is presented. The scalable measurement ap-
proach is to be extended to a multisensory system in further work. As a fundamental shape parameter the mean
base circle radius using the example of spur gears is determined. The base circle radius is used due to the ge-
ometric relationship to further shape parameters for example to the profile slope deviation. The theoretically
achievable measurement uncertainty of the mean base circle radius due to sensor noise is estimated to less than
5 µm (k = 2) for a small and a large gear, which verifies the scalability of the sensor system. In order to show a
general proof of principle, two series of optical measurements on a gear with a diameter of 0.105 m are performed
and referenced with a tactile measurement. As a result, random errors of 1.2 µm for k = 2 are determined. The
remaining systematic deviations to the reference value amount to 4.3 and 1.6 µm, respectively. Hence, the total
measurement uncertainty is currently limited by systematic effects, and the defined aim of a total uncertainty of
less than 5 µm (k = 2) is narrowly missed by 1.5 µm. The random errors of 1.2 µm (k = 2) show, however, that an
adequate measurement precision is achieved and that the multi-distance measurement approach has the potential
to reach the aimed measurement uncertainty with appropriate strategies to compensate for the systematic influ-
ences. The experimental and theoretical results prove the principle applicability of the proposed single sensor
multi-distance approach for the precise inspection of gears.

1 Introduction

1.1 Motivation and measurement requirements

Around 90 % of the drive trains of installed wind turbines
are based on gearboxes with diameters of 1 m (Crowther et
al., 2011). To improve the reliability of the gearboxes, ex-
tensive measurements of the geometry of each tooth are re-
quired (Balzer et al., 2015; Goch et al., 2012). With increas-
ing diameter and module of the gear, the ratio of the required
measuring uncertainty to the measuring volume decreases,
although the tolerances increase; cf. Table 1. So, the required
dynamic range of the measuring system is constantly increas-

ing with increasing gear sizes (Schmitt et al., 2016). Hence,
measurements of shape parameters of large gears with di-
ameters> 1 m or modules> 10 mm with an uncertainty of
single-digit micrometers are necessary to comply with the
golden rule of metrology. Due to the size and mass of large
gears listed in Table 1, the quality inspection of the gear ge-
ometry is also associated with a higher logistical effort when
bringing the gear to the measurement system, in comparison
to gears with diameters< 1 m. For this reason, mobile and
scalable gear measurement systems are desirable to quantify
the shape parameters of the gears with single-digit microme-
ter uncertainty with reduced logistical effort.
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Table 1. Parameters of a small gear compared to the parameters of a large gear according to ISO 1328-1 (2013).

Small gear Large gear

Pitch diameter d in millimeters 56.1 890
Mass m in kilograms ≈ 0.5 &1000
Module mn in millimeters 1.7 10.0
Number of teeth ZN 33 89
Tolerances (total profile slope deviation fHαT ) in µm for quality class 5 4.74 8.89
Ratio of tolerances to diameter 8.45× 10−5 9.99× 10−6

1.2 State of the art

The current state of the art for measuring the geometry of
large gears is considered with the two-criteria measurement
uncertainty and logistical effort in terms of mobility and scal-
ability of the measurement system. Coordinate measuring
machines (CMMs) and gear measuring instruments (GMIs)
with a tactile sensor with a maximum permissible error
of MPEE ≤ (0.9+L/350) µm (L=measured length in mil-
limeters) are the standard systems to measure the geome-
try of gears (Balzer et al., 2017; Franceschini et al., 2014;
Peggs et al., 2009). CMMs with measuring volumes of up to
5 m× 11 m× 3.5 m and MPEE ≤ (7+L/250) µm (Dussling,
2010) enable high dynamic ranges. At the same time they
consist of stable and heavy materials (Peggs et al., 2009),
and the measuring volume cannot be scaled up. Thus, the ge-
ometry measurement of large gears is associated with a high
logistical effort with regard to the transport of the measured
object to the measuring system. CMMs and GMIs with tac-
tile sensors are only conditionally suitable for extensive mea-
surements of the geometry of large gears.

The acquisition of coordinates by a frequency-modulated
interferometric sensor is another approach for gear measure-
ments and is presented in Balzer et al. (2015). The beam
path is guided fiber-optically into a sensor head, which is
moved by the coordinate measuring machine. Currently, no
frequency-modulated interferometric sensor approach with-
out a CMM-based movement is known for gear measure-
ments. Thus, it can neither be scaled up nor used for mobile
measurements. Because of the high logistical effort, CMMs
and concepts based on CMMs are not applicable for exten-
sive large gear measurements.

Alternative measuring approaches for large gears can be
found in the field of large-volume metrology. Generally,
large-volume metrology follows the paradigm of bringing the
measuring system to the target (Franceschini et al., 2011),
which enables mobile and scalable measurement setups com-
pared to CMMs. Setups of laser trackers, based on interfer-
ometric distance measurements, are used in the field of mul-
tilateration for precise measurements (Ibaraki et al., 2012),
for example, for the calibration of large CMMs (Gąska et
al., 2014). These setups achieve distance measurement un-
certainties < 1 µm (Muralikrishnan et al., 2016), but only
when special reflectors are attached to the surface to be mea-

sured. Laser trackers are therefore not suitable for measuring
the geometry of large gears. Further large-volume metrology
approaches like portable articulated arm coordinate systems
(Cuesta et al., 2012; Härtig et al., 2012), laser radar sys-
tems, theodolites, or indoor GPS (Peggs et al., 2009) can-
not meet the required single-digit uncertainty for large gear
measurements. Therefore, measurement approaches, which
follow the paradigm of large-volume metrology, are not suit-
able for extensive large gear inspections.

Optical approaches based on triangulation are introduced
in Younes et al. (2005), Meeß et al. (2006) and Auerswald
et al. (2019) and can perform point-by-point, linear (Gestel
et al., 2009; Auerswald et al., 2019) or area-oriented mea-
surements (Zhang, 2010). In 2005, Younes et al. (2005) in-
vestigated a triangulation laser for the geometric detection
of gears, but the required measurement uncertainty to assess
the desired tolerances of the profile slope deviation was not
achieved. Laser line triangulation sensors have great poten-
tial for rapid large gear inspections. At present, laser line
triangulation approaches for large gears attain measurement
uncertainties of the profile slope deviation of 8.2 µm, so that
the required measurement uncertainty is not achieved. In ad-
dition, multiple reflections of the laser beam on the tooth
flank surface lead to measurement artifacts that also influence
the measurement uncertainty (Auerswald et al., 2019). An
area-oriented approach for extensive gear measurements like
stripe pattern projection is introduced in Meeß et al. (2006).
However, measurement uncertainties of > 10 µm occur for
gear parameters like the profile slope deviation, which is not
in agreement with the required uncertainty. In summary, no
measurement approach for extensive large gear inspections
with a mobile and scalable measuring volume with a single-
digit micrometer uncertainty exists to quantify the gear shape
parameters to date.

1.3 Aim and structure of the article

A novel, scalable multi-distance measurement concept to
quantify shape parameters of large gears with single-digit
µm uncertainty is presented. The measuring approach con-
sisting of an optical single sensor in combination with a ro-
tary table is initially designed for small spur gears and is to
be supplemented in further work with additional sensors to
form a multisensory system. Due to the geometric correla-
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Figure 1. Geometric model of a spur gear for the determination
of the base circle radius rb, based on a measuring point Pa , the
root point P for the plumb line distance dplu and the corresponding
rolling angle ξ within the workpiece coordinate system (x′, y′).

tion of the base circle radius with further shape parameters,
for example with the profile slope deviation, the base circle
radius is used as a fundamental shape parameter. Accord-
ing to this correlation and with regard to the golden rule of
metrology and the required tolerances of the profile slope de-
viation, a measurement uncertainty of the base circle radius
of less than 5 µm (k = 2) is required for example for a large
gear with a module of 10 mm. The methodology and the ex-
perimental setup are described in Sect. 2. By simulating the
measurements, the achievable uncertainty under the aspect
of a scalable measurement volume is estimated and the mea-
suring principle is verified in Sect. 3. The general proof of
principle of the scalable multi-distance measuring approach
then follows in Sect. 4 on the basis of experiments. In Sect. 5,
the conclusion of the article is presented. Section 6 closes the
article with an outlook.

2 Measurement principle

2.1 Geometric model and inverse problem

To characterize an actual mean base circle radius of spur
gears, points are measured on the tooth flanks. The contour of
a spur gear with an involute profile can be described depend-
ing on the base circle radius by means of a geometric model
according to Goch (2003), Günther et al. (2001) and Stöbener
et al. (2011). The z coordinate can be neglected here, since
the measurement is made in the transverse section of the gear.
Figure 1 shows the geometry of a gear in the transverse sec-
tion.

According to Fig. 1, the nominal position (x′, y′) of a point

P ′ =

[
x′

y′

]
= a+ b = rb ·

[
cos(ξ +ϑz−ψb)
sin(ξ +ϑz−ψb)

]
+ rb · ξ ·

[
cos

(
ξ +ϑz−ψb−

π
2

)
sin
(
ξ +ϑz−ψb−

π
2

)] (1)

on the surface of tooth Z can be determined by a vector addi-
tion of radial a and tangential b components in the workpiece
coordinate system (x′, y′). The radial vector a has a length
of the base circle radius rb and an angle of δ = ξ +ϑz−ψb.
The length of b, the tangential vector, is rb · ξ , with the cor-
responding angle of δ− π

2 . The angle ξ describes the rolling
angle assigned to the point P ′, ϑz is the angle of the position
of the center axis of a tooth Z, and ψb defines the base tooth-
thickness half angle. Since a measured point is detected in
the measurement coordinate system (x, y), a translation vec-
tor T = [xt,yt]

T and a rotation angle ϕ0 to the workpiece
coordinate system must be added:

P =

[
x

y

]
= rb ·

[
cos(ξ +ϑz−ψb+ϕ0)
sin(ξ +ϑz−ψb+ϕ0)

]
+ rb · ξ ·

[
sin(ξ +ϑz−ψb+ϕ0)
−cos(ξ +ϑz−ψb+ϕ0)

]
+T . (2)

In order to characterize the base circle radius, the inverse
problem of rb = f−1(P ) must be solved. However, since the
two equations in Eq. (2) contain five free parameters (rb, xt,
yt, ϕ0, ξ ), an under-determined system of equations exists.

2.2 Solution of the inverse problem

To solve the inverse problem rb = f
−1(P ) and to obtain the

base circle radius, more points Pi with i = 1 . . . N of the
tooth flank are required to obtain a determined system of
equations, i.e.,

Pi =

[
xi
yi

]
= rb ·

[
cos(ξi +ϑz−ψb+ϕ0)
sin(ξi +ϑz−ψb+ϕ0)

]
+ rb · ξi ·

[
sin(ξi +ϑz−ψb+ϕ0)
−cos(ξi +ϑz−ψb+ϕ0)

]
+T , i = 1 . . .N. (3)

A multi-distance measurement approach consisting of a sin-
gle sensor and a rotary table for measuring the geometry of
spur gears is introduced in Fig. 2. As a single sensor an opti-
cal distance sensor is used to characterize the geometry of the
tooth flanks. The sensor is aligned tangentially to the nominal
base circle in the transverse section of the gear and measures
the distance to the surface of a tooth flank.

By calibrating and adjusting the sensor system in position
and alignment, the measured distance information is trans-
formed into coordinates in a measurement coordinate sys-
tem (MCS). The single sensor concept allows a continu-
ous distance measurement depending on the angle of rota-
tion over all teeth, and a mean base circle radius can be de-
termined. Due to the continuous distance measurement, an
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Figure 2. Multi-distance measurement principle consisting of a sin-
gle distance sensor (x, y) in combination with a rotary table (xr, yr)
measuring continuously the surface of a spur gear (x′, y′) depending
on the rotation angle.

overdetermined system of equations exists. The resulting in-
formation, for example, could be used to derive several shape
parameters or the positioning of the center of the gear and a
self-calibration of the sensor system. In this article, however,
the aim is to determine a mean base circle radius with an
uncertainty of less than 5 µm to show the general proof of
principle of the multi-distance measurement approach.

The actual coordinates

Pi,a =

[
xi,a
yi,a

]
= Pi +

di,plu

|n|
·n (4)

acquired during the single sensor measurement deviate from
the nominal geometry of the gear. For the calculation of the
base circle radius, Eq. (3) must be extended by a plumb line
distance di,plu as shown in Fig. 1. The parameter n describes
the normal vector of the surface at the measured point which
points in the same direction as the plumb line distance for
spur gears. In order to determine the mean base circle radius,
an ideal involute is approximated into the measuring points
using the least squares method. First, a function for the plumb
line distance di,plu is established according to (Günther et al.,
2001; Stöbener et al., 2012)

di,plu = rb ·


√√√√ r2

i,I

r2
b
− 1−fladir · (γi −ϑz+ψb−ϕ0

+arctan

fladir ·

√√√√ r2
i,I

r2
b
− 1

 , (5)

where

ri,I =

√(
xi,I− xt

)2
+
(
yi,I− yt

)2 (6)

describes the radius of the measured point in polar coordi-
nates within the workpiece coordinate system and

γi = arctan
(
yi,I− yt

xi,I− xt

)
(7)

defines the corresponding polar angle to ri,I. “fladir” defines
a factor for the flank side, −1 for the left-hand side and 1 for
the right-hand side. In addition to the base circle radius, the
transformation parameters xt, yt and ϕ0 are unknown and
must be calculated iteratively, while the gear parameters ϑz
and ψb are known due to the geometry of the gear. The opti-
mal involute in workpiece coordinates is found by minimiz-
ing the sum of the squared distances di,plu related to the mea-
sured data, according to the least squares method:(

n∑
i=1

d2
i,plu

)
. (8)

Corresponding to the approximated involute, the free param-
eter actual base circle radius and the transformation parame-
ters between workpiece and measurement coordinate system
are determined.

2.3 Experimental setup

The experimental setup of the multi-distance measurement
system is shown in Fig. 3. For the optical distance mea-
surement, a confocal-chromatic sensor (CCS) IFS2405-10
from MicroEpsilon is used. The sensor has a measurement
range of 10 mm with an experimentally determined uncer-
tainty for distance measurements of approx. uCCS = 0.3 µm
for k = 1. In order to prove the general suitability of the
measurement approach, a small spur gear is used due to a
simpler handling. Further, a production-oriented measuring
strategy is chosen to characterize the manufacturing toler-
ances of the gear. The gear has 26 teeth with an involute
profile, a module mn = 3.75 mm and a nominal base circle
radius of rb,n = 45.8100 mm. As rotary unit, the rotary table
of a Leitz PMM-F 30.20.7 portal coordinate measuring ma-
chine is used. The gear is mounted on the rotary table at the
level of the sensor by means of a clamping unit.

A major challenge in this setup is the concentric mounting
of the gear with the center of rotation. A wobbling of the gear
due to an oblique clamping cannot be neglected either and is
overlaid by a wobble of the rotary table of the Leitz PMM-
F 30.20.7. In order to demonstrate an initial proof of principle
of the measuring concept, the Leitz CMM with a probing
error of uCMM = 0.8 µm is used as a calibration environment
to compensate for the effects of the wobbles. Note that the
MPEE is not taken into account here, as the length-dependent
uncertainty contribution is very small due to the dimensions
of the gear.
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Figure 3. Experimental setup of a multi-distance measurement of
the mean base circle radius of a spur gear.

First, the sensor is determined in its position and orienta-
tion to configure a MCS according to the measurement axis
of the CCS. The origin of the MCS is positioned at the be-
ginning of the measurement range of the sensor with an un-
certainty of ux = 1.1 µm, uy = 1.2 µm and uz = 1.1 µm for
k = 1. The sensor alignment is defined in the negative x di-
rection. The uncertainty of the sensor alignment (α: rotation
around the z axis; β: rotation around the y axis) is uα ≈ 0.05◦

and uβ ≈ 0.05◦ for k = 1. Using the information of the ad-
justment, the measured distances si to the tooth flank can be
converted into MCS coordinates Pi,s = (−si , 0, 0). The mea-
suring points are then transferred to a previously calibrated
rotary table coordinate system (RCS)

Pi,r = Rs ·Ri ·
(
Pi,s+T s

)
(9)

and must be rotated according to their corresponding rota-
tion angle in order to obtain the contour of the tooth flanks.
The vector T s describes the translation of the sensor coordi-
nates into rotary table coordinates. Rs is the corresponding
rotation matrix around the three coordinate axes. The rota-
tion matrix Ri defines the rotation movement of the rotary
table around the z axis of the RCS. In order to compensate
for the influence of the wobble, the measurement data are
then transformed into the workpiece coordinate system:

Pi,w = Rw ·
(
Pi,r+T w

)
. (10)

For this reason, a tactile reference measurement with the
Leitz PMM-F 30.20.7 is carried out in addition to the optical
measurement of the gear. This measurement can be used to
determine the spatial orientation and position of the gear rel-
ative to the center of the rotary table. Analogously to Eq. (9),
the parameter T w represents the displacement into the work-
piece coordinate system and Rw represents the correspond-
ing rotation matrix. The measurement data are then projected
into the x–y plane and can be solved iteratively with Eq. (8)
using the Newton method.

For the validation of the determined actual mean base cir-
cle radius, a reference value is needed. Based on the follow-
ing context, a reference mean base circle radius

Table 2. Gear parameters of a small and large gear for the deter-
mination of the mean base circle radius by means of Monte Carlo
simulation.

Small gear Large gear

Nominal base circle radius rb in millimeters 45.8100 904.9240
Number of teeth ZN 26 107
Module mn in millimeters 3.75 18

rb,ref = rb,n ·
fHα

Lα
+ rb,n (11)

can be determined by means of the shape parameter mean
profile slope deviation fHα of all teeth which depends on the
evaluation range Lα and the nominal base circle radius rb,n.
The profile slope deviation defines the deviation of the ac-
tual slope in comparison with the nominal slope of an invo-
lute without influence of form deviations (Linke et al., 2016).
The parameter fHα for the corresponding evaluation range
is determined by the tactile reference measurement from
5512 points over all teeth. To characterize the suitability of
the single sensor system, the evaluation range is equal to the
optically measured points on the surface of the gear. A refer-
ence value for the mean base circle radius can then be calcu-
lated. All measurements are performed in an air-conditioned
measuring room with temporal temperature changes of less
than 0.6 K per 4 h.

3 Simulation results

To verify the multi-distance measurement concept, the ac-
tual mean base circle radius with the corresponding random
errors urb of spur gears (cf. Table 2) is determined by Monte
Carlo simulation for n= 1000 repetitions depending on var-
ious sensor uncertainties us.

The sensor uncertainty us is increased stepwise from
0.25 to 5 µm and added as normally distributed noise with the
standard deviation us to the simulated distances. The num-
ber of measuring points per tooth is varied by 4, 10 and
100 and multiplied by the number of teeth ZN to get the to-
tal number N of measuring points. The simulated measure-
ment range of the optical distance sensors to the flank surface
for the small gear is limited to 10 mm and based on the ex-
perimental conditions (cf. Sect. 2.3). To simulate a realistic
measurement, the measurement range for the large gear is in-
creased to 50 mm, so that a large area of the involute can be
measured. However, the relative detected range of the flank is
still 7 % smaller than the relative detected range of the flank
of the small gear and a simulated sensor with a measurement
range of 10 mm. Furthermore, a sensor alignment inclined in
the x–y plane around the z axis is assumed for the simula-
tions. Due to the shadowing by a previous tooth, the mea-
suring points are simulated at the outer area of the involute.
The gear models are also positioned eccentrically to the axis
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Figure 4. Random error of the mean base circle radius for the single sensor approach for k = 2 for (a) a small gear with a nominal base
circle radius of 45.810 mm and 26 teeth and (b) a large gear with a nominal base circle radius of 904.924 mm and 107 teeth depending on
the sensor uncertainty (k = 1) and number of measuring points N in comparison with the required uncertainty of 5 µm (k = 2).

of rotation. The uncertainties of the adjustment are estimated
on the basis of the experiment to ux = 1 µm, uy = 1 µm and
uz = 1 µm for the position and uα = 0.05◦ and uβ = 0.05◦

for the alignment around the z and y axes for k = 1. Analo-
gously to the sensor uncertainty, the adjustment uncertainties
are added as normally distributed noise with the correspond-
ing standard deviation to the coordinates. As a result, the ran-
dom error of the mean base circle radius for the single sensor
system for multi-distance measurements for both simulated
gears depending on the sensor noise up to 5µm is depicted in
Fig. 4 for k = 2. The required uncertainty for the base circle
radius of 5 µm (k = 2) is also shown as dotted line.

A linear correlation between the sensor uncertainty and the
resulting uncertainty of the mean base circle radius can be
seen, which turns into an asymptotic trend for sensor noises
us < 1 µm due to the influence of the adjustment uncertainty.
With increasing sensor noise, the random error urb of the
base circle radius for both simulated gears increases. Also,
the random error influence decreases with an increasing num-
ber of measuring points. With a simulated uncertainty of
0.25 µm, the minimum random error for the base circle ra-
dius of the small gear is 3.92 µm for 4 measuring points per
tooth flank, 2.48 µm for 10 measuring points per tooth flank
and 0.82 µm for 100 measuring points per tooth flank (each
for k = 2). From a sensor uncertainty of 1 µm, the uncertainty
of the base circle radius for four measuring points increases
by 3.57 µm per 1 µm sensor uncertainty to a maximum value
of 19.73 µm (k = 2) for a sensor uncertainty of 5 µm. In com-
parison, the increase in the random error of the base circle ra-
dius for 10 measuring points is reduced to approx. 2 µm per
an increase of 1 µm sensor noise. The maximum estimated
uncertainty for a sensor noise of 5 µm is 12.06 µm. If the
number of measuring points per flank is increased to 100,
the random error for the base circle radius increases by only
0.66 µm per 1 µm sensor noise. The maximum random er-

ror for the base circle radius is approx. 3.76 µm (k = 2) for
100 measuring points. If the number of measuring points
per tooth flank is increased from 4 to 100, a reduction of
the base circle radius uncertainty of approx. 80 % can be
achieved independently of the sensor noise. In comparison
to the small gear, the minimum base circle radius uncertainty
of the large gear is 4.56 µm for 4 measuring points per tooth
flank, 3.18 µm for 10 measuring points per tooth flank and
1.08 µm for 100 measuring points per tooth flank (each for
k = 2). In comparison to the small gear, the pitch diameter of
the large gear is larger by a factor of 20, but the random error
of the base circle radius only increases by a maximum factor
of 1.31. The scaling of the gear has just a minor influence to
the minimum estimated random error of the base circle ra-
dius. However, it has to be noticed that the overall number
of measuring points for the large gear increases by a factor
of 5. The increase in the random error of the base circle ra-
dius depending on the sensor noise is also slightly influenced
by the scaling of the gear. For four measuring points, the un-
certainty of the base circle radius increases by 3.98 µm per
1 µm sensor noise. The maximum value of the base circle
radius uncertainty is estimated to 23.5 µm (k = 2) for a sen-
sor noise of 5 µm. For 10 measuring points, the increase in
the random error of base circle radius per 1 µm sensor noise
is reduced to 2.68 µm. With a sensor noise of 5 µm, the un-
certainty for the base circle radius for 10 measuring points
per flank is calculated to 15.54 µm (k = 2). If the number of
measuring points per tooth increases to 100, the uncertainty
of the base circle radius is raised by 0.78 µm per 1 µm sen-
sor noise. The maximum random error for the base circle ra-
dius is 4.7 µm (k = 2) for 100 measuring points and a sensor
noise of 5 µm. Compared to the small gear, an increase in the
number of measuring points per tooth flank from 4 to 100
reduces the base circle radius uncertainty by 75 % to 80 %,
depending on the sensor noise. As a result, the simulations
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Table 3. Systematic deviations for the small 1rb,S and large
gear1rb,L depending on both the base circle radius and the number
of measuring points N .

N 1rb,S 1rb,L
in µm in µm

4 ·ZN −0.03 −0.60
10 ·ZN −0.01 −0.51
100 ·ZN −0.01 0.23

show that the required uncertainty for the base circle radius
of 5 µm (k = 2) can be achieved from four measuring points
per tooth with sensor noises up to 0.5 µm independent of the
scaling of the gear. If the number of measuring points per
tooth is increased to 100 or more, sensor uncertainties up to
5 µm (k = 1) will be accessible. In the next step, the system-
atic error 1rb,i = rb,approx− rb,i due to the iterative calcula-
tion of the actual mean base circle radius of an ideal involute
is considered. The results are shown in Table 3.

In this simulation setup the systematic error of the small
gear 1rb,S fluctuates in a magnitude of one-hundredth of a
micrometer and decreases by 66 % for an increase in the mea-
suring points by a factor of 25. In comparison, the systematic
deviations of the large gear1rb,L due to the iterative approx-
imation of the mean base circle radius are greater by 1 order
of magnitude and decrease by 61 % with increasing measur-
ing points from 4 to 100 points per tooth. An influence of
the scaling of the gear can be seen. For large gears, the it-
erative error must be taken into account depending on the
number of measurement points and the sensor uncertainty.
The iterative errors for small gears do not significantly con-
tribute to the measurement uncertainty. As a result, despite a
combined measurement uncertainty of random and system-
atic errors for the single sensor measurement system, the re-
quired measurement uncertainty of the base circle radius is
achieved. The multi-distance approach for large gear mea-
surements is initially verified.

4 Measurement results

A reference value for the mean base circle radius is calcu-
lated from a tactile reference measurement with the Leitz
PMM-F 30.20.7 CMM. According to the optical accessibil-
ity of the multi-distance measurement system, a mean profile
slope deviation ofN = 5512 measuring points is determined.
According to Eq. (11) and the international guide to the ex-
pression of uncertainty (JCGM, 2008), the reference mean
base circle radius results in rb,ref = (45.8065± 0.001) mm
(k = 2). The actual mean base circle radius is determined
as described in Sect. 2.3 from the distance information of
the sensor of the multi-distance measurement system trans-
formed into coordinates for two measurement series. How-
ever, due to the eccentric clamping of the gear, different cur-

vature ranges of the involute were recorded depending on the
angle of rotation. Shape deviations of the tooth flank depend-
ing on the rolling angle lead to systematic deviations. For the
evaluation of the actual mean base circle radius and com-
parability with the tactile measurement, the largest area of
the involute common to all teeth is considered. Compared
to the simulations, the evaluation range shrinks by 50 %.
The number of measurement points per tooth flank amounts
to 480. The corresponding random error is also calculated
using Monte Carlo simulation for n= 1000 repetitions. As
in Sect. 3, a normally distributed noise with a standard de-
viation uCCS = 0.3 µm for k = 1 corresponding to the sensor
uncertainty is added to the measured distances. The uncer-
tainties resulting from the adjustment for the positioning (x,
y, z) and alignment (α: rotation around the z axis; β: rotation
around the y axis) of the sensor are estimated to ux = 1.1 µm,
uy = 1.2 µm, uz = 1.1 µm, uα ≈ 0.05◦ and uβ ≈ 0.05◦ for
k = 1. The actual mean base circle radii for the two mea-
surement series (I and II) are then determined to

rb,a,I = (45.8108± 0.0012)mm,
rb,a,II = (45.8081± 0.0012)mm,

for k = 2. The random errors urb,a,I ≈ urb,a,II ≈ 1.2 µm for
k = 2 agree with the order of magnitude of the simulated
random error for us = 0.25 µm and N = 100 ·ZN depicted
in Fig. 4a. In addition, deviations to the reference value of
1rb,a,I = 4.3 µm and 1rb,a,II = 1.6 µm are quantified. Con-
sidering the random errors of the reference base circle radius
and the determined actual mean base circle radii, the quanti-
fied deviations are assumed to result from systematic errors.

A two-sample means test with inhomogeneous variances
with an error probability of αp = 0.05 is performed (Welch,
1947) to check whether these are systematic deviations from
the reference value. The test variable for the test statistic is
calculated by

t =
v−w√
σ 2
v

nv
+

σ 2
w
nw

(12)

to tI =−174.10 and tII =−64.78.
The numerator consists of the difference of the mean

values of v = rb,ref and w = rb,a,i. σv is the standard de-
viation urb,ref , which is estimated from nv = 1000 simula-
tions. The standard deviation σw describes the uncertainty
of the actual mean base circle radius of measurement se-
ries I or II for nw = 1000 simulations. The degree of free-
dom of the statistic is calculated based on the Satterthwaite
equation (Satterwhaite, 1946). The two sided symmetric con-
fidence interval [−c, c] for a significance level of 95 % is
then [−1.960, 1.960]. It can be seen that the actual mean base
circle radius for both measurement series is not in agreement
with the confidence interval for a significance level of 95 %.
Therefore, a systematic deviation is assumed with a proba-
bility error of 5 %.
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Figure 5. Tactile probed points Pi,ref of one tooth in comparison
with the optical transformed points Pi,a for two series of measure-
ments.

The aspect of systematic influences is illustrated in Fig. 5.
In addition to the tactile measurement data, the optically de-
tected coordinates of the flank surface for a tooth are dis-
played. The optically detected involutes scatter reproducibly
in an order of magnitude of 10 µm around the reference flank.
An offset between Pi,a,I and Pi,a,II also indicates a system-
atic influence. Due to the order of magnitude of the scatter-
ing of 10 µm, it cannot be assumed that the scattering repre-
sents the roughness of the surface which is characterized by a
mean roughness index Ra = 0.45 µm. The cause of the repro-
ducible scattering could rather be a superposition of several
effects. Figure 6a depicts the measured distances of the two
measurement series depending on the rotation angle for one
tooth. In theory, a linear relationship between the distance to
the tooth flank and the rotation angle is expected.

Figure 6a shows that the measured distances decrease
mostly linear with increasing angle of rotation. Merely at
the root of the flank the distance measurement fluctuates and
smaller distances are detected compared to distances at a cor-
respondingly larger rotation angle; cf. Fig. 6b. The distance
drops correlate with a decreasing intensity of the sensor sig-
nal due to a more difficult accessibility at the root of the flank
and a larger angle of the sensor to the surface normal. Also,
the susceptibility of optical measuring systems to multiple
reflections from adjacent tooth flanks leads to a lower signal-
to-noise ratio (Auerswald et al., 2019). However, for the eval-
uation of the base circle radius, these areas were not consid-
ered. Furthermore, the angle of rotation of the rotary table
is not measured time-synchronously with the correspond-
ing distance information. A constant angular velocity over
the entire circumference is assumed in order to correlate the
measured distances and rotation angles. Due to the control of
the rotary table, however, the angular velocity is inconstant,
which leads to fluctuations of the measured distances in an
order of magnitude of 10 µm, cf. Fig. 6c, and is the main
cause of the scatter of the measuring points shown in Fig. 5.
The sensitivity of the sensor in relation to the surface topog-

raphy and its curvature must also be taken into account and
can, among other things, contribute to the scattering shown
in Fig. 6b and Fig. 6c. Another influencing factor for the sys-
tematic scattering can be a wobbling of the rotary table. An
additional lateral displacement in x and y positions depend-
ing on the rotation can also cause the offset shown in Fig. 5.
Instabilities in the measurement setup caused by long struts
can also lead to an offset between the two measurement se-
ries. As a result, the systematic deviations dominate the to-
tal measurement uncertainty of the mean base circle radius.
According to the maximum deviation of 6.5 µm (k = 2) the
defined aim of a total uncertainty of less than 5 µm (k = 2)
is narrowly missed by 1.5 µm. However, the random error
of 1.2 µm (k = 2) shows that a sufficient measurement pre-
cision is achieved and that the multi-distance measurement
approach has the potential to reach the aim with adequate
self-calibration procedures.

5 Conclusion

In this article, a novel scalable multi-distance measurement
approach to quantify shape parameters of large gears is pre-
sented. As a fundamental shape parameter the actual mean
base circle radius is initially used. The aim is to determine
the base circle radius with an uncertainty of less than 5 µm
for k = 2. In order to prove the suitability of the measure-
ment principle, the actual mean base circle radius is deter-
mined for a small spur gear. Simulations show that total un-
certainties for the mean base circle radius of less than 5 µm
(k = 2) are possible independent of the scaling of the gear.
Hence, an appropriate scaling of the measuring system to
the size of the gear could be verified. To prove the suitabil-
ity of the multi-distance measuring concept, the results of
the single sensor measurements are compared to a reference
measurement with a CMM. The optically determined actual
mean base circle radii for k = 2(45.8108± 0.0012) mm and
(45.8081± 0.0012) mm show that random uncertainties for
k = 2< 5 µm can be achieved. In relation to the reference
value of (45.8065±0.001) mm (k = 2), systematic deviations
of 4.3 and 1.6 µm to the actual mean base circle radii are
confirmed by a two-sample mean test. Taking into account
the identified random and systematic errors for k = 2, the
requirement of a total uncertainty of less than 5 µm (k = 2)
is narrowly missed by 1.5 µm. The main causes of the sys-
tematic deviations are the assumption of a constant angu-
lar velocity of the rotary table which leads to fluctuations
of the distances with regard to the control of the rotary ta-
ble, the influence of the curvature of the flank in terms of
acceptance angle of the CCS and a wobble of the rotary ta-
ble. A validation of the measurement system cannot be de-
clared at present. However, a general proof of principle of
the multi-distance measurement approach for gear measure-
ments is shown, since the required uncertainty of 5 µm for
k = 2 is slightly missed.
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Figure 6. Measured distances si,I and si,II to the surface of the flank depending on the rotation angle (a) for one tooth, (b) for an enlarged
image detail of (a) to illustrate the distance drops at the root of the flank and (c) for an enlarged image detail of (a) to illustrate the fluctuations
of the distance measurement.

6 Outlook

In order to validate the approach, it is intended to extend
the multi-distance measuring system to a multisensory sys-
tem by additional optical distance sensors to gain more data
about the geometry of the tooth flanks and the positioning
and alignment of the gear on the rotary table and to calibrate
and adjust the individual sensors in a common measurement
coordinate system. For this purpose, a CMM-independent
calibration strategy for the multisensory system has to be de-
veloped in order to enhance the required mobile and scalable
measurement principle. In addition, the influences of the ro-
tary table control, the wobble as well as the influence of the
curvature of the tooth flanks on the CCS have to be inves-
tigated in order to compensate for the systematic deviation
and to reduce the achievable measurement uncertainty of the
multi-distance measurement approach to the order of mag-
nitude of the random uncertainties. Moreover, further shape
parameters in addition to the mean base circle radius have to
be calculated to achieve extensive gear measurements. The
evaluation of shape parameters per tooth, for example like
the profile slope deviation and pitch, is therefore to be as-
pired to.
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